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Purpose

To explain the basic particle filter and its implementation
m The Bayesian optimal filter revisited.

m The point-mass filter (~ 1970) requires adaptive grid and scales badly with state
m Numerical examples.

dimension and has quadratic complexity in the number of grid points.
m The particle filter (1993) resolves these issues.
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General nonlinear state-space model:

Bayes Optimal Filter: summary

X1 = F(xk, Uk, vk)

Vi = h(xk, uk, ex)

X |Xk—1 ~ P(Xk|Xk—1)
il x ~ p(yi|xx)
General Bayesian recursion (time and measurement updates)

P lyin) = / P(is113)P(xelyie) e,
P\Yk| Xk )P\ Xk |Y1:k—1
el — PORIRO Y1)

P(Ykly1:k-1) '
m Analytic solution available in a few special cases (KF)

m Key idea: for a given trajectory xi., the recursion can be computed.
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m PF: evaluate trajectories on a random grid of the state space
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Numerical Approximation
predictive density, we have

Basic idea: (same as PMF) postulate a discrete approximation of the posterior. For the
P(Xkly1:k-1

N
_ (1)
1) = Z Wk|k_16
i=1

Xk — x,((i)).

The first moments (mean and covgriance) are simple to compute from this approximation
i i

Rijk—1 = E(xk) = Z W;E|3< 1X( )
i=1

Pk|k71 = COV(Xk

E: k|k1

(O
— Ripk—1)(Xg " — Ruk—1)

Also, the MAP estimate can be useful
Amap
Xk|k—1
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= arg max p(xk|y1:k-1)
9
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Measurement Update

The measurement (same as PMF) follows directly, without any extra approximations

i=1

N
plxlyia) = Y p(yerk’) Wil O

i
X — X))
0

Wik
N . .

=Y plylx")w)
i—1

Wilk—1-

NoG)
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The normalization constant ¢, corresponds to assuring that )", Wik =
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Particle Filter

m Trick to avoid quadratic complexity: sample trajectories, not states
m Time update for the weight of a trajectory

P(X1 k+1’)/1 k) = P(Xk+1|X1 K k) P(Xq. i lyi:k)

p(x 1) wi’&
(i)
= WikP

(Xk+1|Xk )=
(O(N?)) complexity of the PMF

k+1|k
m In contrast to the PMF, there is no sum involved here! This avoids the quadratic

(i

)
Xper1 ™
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m The new sample is sampled from the prior in the original PF (SIR, or bootstrap, PF)
pOxk1lx)
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Basic SIR PF Algorithm
Choose the number of particles N.
Initialization: Generate x.

Xg ~ Pxoy ., N particles.
Iterate for k =1,2
1. Measurement update: For k =1,2,...,
wy) = w p(vil”).

2. Normalize: W,Ei)

= W,Ei)/zj W,Ej).

3. Estimation: MMSE % ~ S>M, w{)x{) or MAP.

4, Resamp/mg Bayesian bootstrap: Take N samples with replacement from the set
{xk }N 1 Where the probability to take sample i is W() Let WIE) =1/N.

5. Prediction: Generate random process noise samples

v,E') ~ Py, x,E'J_l f(x,(( ), VIE )).
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PF Code

Input arguments: NL object m, SIG object z.
Output arguments: SIG object zhat.

y

u
xp = m.x0.’ + rand(m.px0, Np); [/ Initialization
for k = 1:N

/ Time update

z.y.7;
.u.?

v = rand(m.pv, Np); / Random process mnoise

xp = m.£f(k, xp.’, u(:,k), m.th).’” + v; [/ State prediction

/ Measurement update

yp = m.h(k, xp.?, u(:, k).?, m.th).?; [/ Heasurement prediction

w = pdf(m.pe, y(:,k).?-yp); [/ Likelihood
xhat (k,:) = mean(w(:).*xp); / Estimation

[xp, w] = resample(xp, w); / Resampling
xMC(:, k, :) = xp; X MC uncertainty repr.
end
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Example: 1D terrain navigation

Model:
Problem: Measured velocity uy, unknown
velocity disturbance vy, known altitude profile Xe1 = Xk + Uk + Vi,
h(x) which is observed with yy.
( ) Yk Vi = h(Xk) + e,
" S ]

h(x)

Terrain [m]
Noa
83

http://youtu.be/thNhOE6tmVO
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Xi(kIk)-

Step 1. MUP p(xi[y1)

B_mm ¢ 2 SR 2. R

Step 4. Resampling p(x|y1)

Xkt 1K) xiCklk)+

(@ wm o X L] X X
Step 5 TUP p(X2|_y1) 0 01 02 03 04 05 06 07 08 09 1
Position [m] xt0*

[m] = = =
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Example: 1D terrain navigation

Problem: Measured velocity uy, unknown

Model:

velocity disturbance vy, known altitude profile

h(x) which is observed with yy.

h(x)
Step 1. MUP p(xt|y1)
Step 4. Resampling p(x|y1)

Step 5. TUP p(X2|_y1)
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Vi = h(xk) + ex,
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Example: 2D terrain navigation

Same assumptions as in 1D: aircraft measures ground altitude as measurement y; and noisy
speed ux = vk + wy, terrain elevation map (TAM) provides h(xk).

Terrain map hix) and trajectory KE Pasterior distribution pli v, )
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Particle Filter lllustration: radar
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Particle Filter lllustration: radar
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Particle Filter lllustration: radar

m Range bearing measurements

h.v

Constant position motion
model (no velocity)

R = diag(1,.3)?

Q = diag(5,5)

Magenta circle: estimate
Green romb: ground truth

Red square: measurement
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Particle Filter lllustration: radar
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Particle Filter lllustration: radar
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Particle Filter lllustration:

radar
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Particle Filter lllustration: radar
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Particle Filter lllustration: radar
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Particle Filter lllustration: radar
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Particle Filter lllustration: radar
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Particle Filter lllustration: radar
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Particle Filter lllustration: radar
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Lecture 7: summary

Basic SIR PF algorithm

Choose N, generate xéi) ~ Pxo, i =1,..., N, particles and iterate for k = 1,2, ... t:

1. Measurement update: For k =1,2,...,

Wik = w1 POlx).

2. Normalize: W,E'l)k = vT/,E")k/EJ v

W k-

3. Estimation: MMSE % ~ 3" w(x) or MAP.

4. Resampling: Bayesian bootstrap: Take N samples with replacement from the set {X,Ei)},N:l where the
probability to take sample i is W,E"l Let wﬁ")k =1/N.

5.

Prediction: Generate random process noise samples

v~y iy = F(x ) Witk = Wi|k-

Main advantages: easy to implement, adaptive random grid, almost linear complexity (O(/N)) and explores
state spaces for ny < 4 quite well.

Section 9.3
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