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Purpose

Derive the corresponding performance bound for filtering that exists for estimation
m Add the dynamic state-space models: xx11 = f(xk, vk).
m to the standard estimation model: yx = h(xk, ex).

m Note that x, might not be directly observable from yi in filtering, in contrast to

estimation.

m There are two kind of filtering bounds: parametric and posterior CRLB.
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Nonlinear model:

State-Space Models

X1 = F(Xk, Vi) or
Vi = h(x, ex)

or

X1 )X ~ p(Xk41]XK)
Nonlinear model with additive noise:

Yielxk ~ p(yi|xk)
xp1 = F(xk) + vk or
Yk = h(Xk) + ek or
Linear model:
X1 = Frxie + Gvie

Xp+1 Xk ~ p(Xi1]xk) = Py (X1 — F(xx))
Yk = Hixk + ex

Yielxi ~ p(ylx) = pe, (yk — h(xk))
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Gaussian model: v, ~ N(0, Qk), ex ~ N(0, Ry) and xo ~ N(0, Py)
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CRLB: estimation
m The Fisher information matrix, Z(x), is defined as

y—h(x )
Ox1

m For Gaussian e, then (compare with WLS covariance!)

I(x) =

T(x) = E(V] log pe(y — h(x)) Vx log pe(y — h(x))
Vi log pe(y — h(x)) = <6'°gpe(

dlog pe (y—h(X ) )
OXny
HT(x)R™!

(x)H(x),
H(x) = Vh(x).

m Information is additive, so if two or more sensors give independent observations
Kk = hk( )—I— ek, then 7 = Zka'
m CRLB provides a lower bound on root mean square error

RMSE = \/E((x) — )2 + (<0 — )2

\/tr Cov(x
> \/tr(Z7H(x0))
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CRLB: filtering

m CRLB developed for static parameter x, with many measurements yj ..
m The filtering CRLB concerns the case where x is replaced with xq.,, with the
constraints xp41 = f(xp) + v, n=1,2,..., k — 1.
m Two cases:
e Parametric CRLB for filtering: xy.x is seen as a parameter with a true value xﬁk.
e Posterior, or Bayesian, CRLB for filtering: xj.x is seen as a stochastic variable with a
prior p(x1:x).
m Parametric CRLB better in practice: easy to calculate, easy to interpret (given a
certain trajectory and model, how well can a nonlinear filter estimate this trajectory?)

m Posterior CRLB useful for theoretical studies.
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Parametric CRLB

m The parametric CRLB gives a lower bound on estimation error for a fixed trajectory
xi:k- That is, Cov(Rx) = PEfY-

m Algorithm identical to the Riccati equation (covariance update) in KF, where the
gradients are evaluated along the trajectory xq.j:

Pii1jk = FiPuxFd + GQuGx,
Picajker = Prsak — PrraeHd (HiPicaHd + R) ™ HiPrga ko
Fie = Vi (XK, vi), >'i

Gk = Vy, (XK, i), s

Hi = Vi, h(x«, k). ?
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m Define and simulate a a
constant velocity model

m Convert to a nonlinear model
and compute the CRLB

m lllustrate with confidence
ellipsoids
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Example

-
mss=exlti(’cv2D?)

mss =
/1 0 0.5 0\
| o 1 0 0.5 |
x[k+1] = | 0 O 1 0 | x[k]l + v[kl
\o o 0 1/
/1 0 0 o0\
y[kl = \o 1 0 0/ =x[k]l + elk]
/0.016 0 0.062
| 0 0.016 0
Q = Cov(v) = | 0.062 0 0.25
\ 0 0.062 0
/ 0.01 o\
R = Cov(e) =\ 0 0.01/
mnl=nl(mss)
mnl =

NL object: Constant velocity motion model
x[k+1] = [1 0 0.5 0;0 1 0 0.5;0 0 1 0;0 0 O
y = [1 00 0;010 0]*x(1:4,:) + e

x0? = [0,0,0,0]
States: X Y vX vY
Outputs: X Y

y=simulate (mss,10);
xcrlb=crlb (mnl,y);
xplot2(xcrlb, ’conf’,90)

0\
0.062 |

0.25/

11%x(1:4,:) +
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Posterior CRLB

m Average FIM over all possible trajectories x.x with respect to vk
m Much more complicated expressions.

m For linear systems, the parametric and posterior CRLB coincide.
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CRLB for non-Gaussian noise

m Replace covariances @ and R with the intrinsic accuracy Z, ! and Z_*.
m Same Ricatti equation for the parametric CRLB.

m Note 7,1 < Cov(v) and Z;! < Cov(e).

m The Riccati equation monotone function of the covariance matrix.

m Gaussian noise is the least informative distribution, thus the KF Py is a conservative
bound on the possible performance with nonlinear filters.
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Summary

m CRLB standard tool in estimation problems.

m Key trick going from estimation CRLB to filtering CRLB: consider the batch problem
with parameter xq.j.

m The parametric CRLB can be computed by a Kalman filter, and provides a filtering
lower bound for a particular trajectory.

m Gaussian noise is the worst case distribution, meaning it is the least informative giving
the largest lower bound.

Section 6.5

II."HNK,%E@% Gustafsson and Hendeby Filtering CRLB 10/ 10




