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Conditional Gaussian Distribution
Lemma 7.1

If X and Y are two jointly distributed Gaussian stochastic variables
according to
X 0%
ol (9
<Y> Hy

Pxx va))
Pyx Pyy))’
then the conditional distribution of X, given the observed value of
Y =y, is Gaussian distributed according to

(X|Y =y) ~ N(ux + Pxy Py (y — iy), Pxx — Pxy Pyy Pyx).
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[llustrating Example
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[llustrating Example
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Proof of Lemma (1/4)

For simplicity, let X = x — jix and y =y — u,. Now, compute the
conditional distribution

parte) =20 =V ) C) (o #v) /v
e (BB 6) / o7 PyL7)
Jeetler (B By )

det(27TPyy)
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Proof of Lemma (2/4)
Block LDL decomposition of the joint covariance matrix yields
Pxx Pxy\ _ (1 Pxy Pyy \ [ Pxx — Pxy PyyPyx

0

0 \/! PxyPyt\
Pyy J\0 / '
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Proof of Lemma

(2/4)
Block LDL decomposition of the joint covariance matrix yields
<Pxx Pxy

P 0
/ 0 Pyy
For notational convenience, let

> B (/ Pxy Pyy
Pyx Pyy 0

P = Pxx — PxyPyy Pyx
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Proof of Lemma

Pxx Pxy

(2/4)
Block LDL decomposition of the joint covariance matrix yields

(1 K\(P 0/l kY
Pyx Pyy/) \0 1 /\0 Pyw/)\0O [ )~
For notational convenience, let

P = Pxx — Pxy Pyy Pyx
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and

K = PxyPyy.
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Proof of Lemma

Pxx Pxy

(2/4)
Block LDL decomposition of the joint covariance matrix yields

(I K\(P ©
For notational convenience, let

P = Pxx — Pxy Pyy Pyx

denominator:
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I K\
0 Py \o 1)
and

K = PxyPyy.

Now the product rule can be used to compute the determinant for the
P P
det << xx Pxy

) =eer((o
Pyx Pyy 0

Ve )6 )
= 1-det(P)det(Pyy) -1
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Proof of Lemma

(3/4)

Calculate the inverse of the joint covariance matrix,

(o (R (OB
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Proof of Lemma

(3/4)

Calculate the inverse of the joint covariance matrix,
Pex PxyN' (1 K\ /P o N'/I K\'
Pyx Pyy) —\0 | 0 Pyy 0 1)
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Calculate the inverse of the joint covariance matrix,
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Proof of Lemma

Pxx PxyN' (I —K\ /P 0
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Calculate the inverse of the joint covariance matrix,

The exponent cam now be expressed as
AT

<X> <Pxx Pxy

y
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Proof of Lemma

'DXX ny ! . | —K U Pfl
Pyx Pyy —\0 / 0
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Proof of Lemma (3/4)
Calculate the inverse of the joint covariance matrix,
Pxx Pxy\N' (I =K\ (P71 0 \/I -K
Pyx Pyy) —\0 I 0 PyuJ\O 1 )"
The exponent cam now be expressed as
) (e B) 6= 500 ) 57)
v) \Pyx Pyy) \V y 0 Py y
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Proof of Lemma

Calculate the inverse of the joint covariance matrix,

'DXX ny _1_ / —KT Pfl
Pyx Pyy —\0 / 0

o )
-1 .
Pyy)\0 I
The exponent cam now be expressed as

B 206
v) \Pvx Pyy) \V y 0
And define x = X — Ky and substitute in.
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Proof of Lemma

Calculate the inverse of the joint covariance matrix,

'DXX ny _1_ / —KT Pfl
Pyx Pyy —\0 / 0
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o )
-1 .
Pyy)\0 I
The exponent cam now be expressed as

B 70 -
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Now the conditional distribution can be calculated
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px|y (x|y

Proof of Lemma

- exp ((é)T(Pxx Pxy

e B ) ()
wet (e (B

(4/4)

Pyx PYY)>
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Proof of Lemma (4/4)

Now the conditional distribution can be calculated

pxiy (xly) = o0 () ("% 2)0) ] enl5TP)

\/ det(27P) det(2mPyy) V/det(27Pyy)
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Proof of Lemma

Now the conditional distribution can be calculated

exp<>‘<TP*1>'< + yTP;i)?)
px|y(xly) =
\/det(27rP) det(2mPyy)
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Proof of Lemma

(4/4)
Now the conditional distribution can be calculated

pxiy(xly) = oe(<7P %)

det(27P)
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Proof of Lemma
Now the conditional distribution can be calculated

(4/4)

exp <>'(TP_1)'<>
pxy(xly) = ——".
det(27P)
Finally, expanding X yields,

K = PxyPyy

X=5%—Ky=x—px—K(y—py)=x—(ux+K(y—ny))
P =Pxx — Pxy Pyy Pyx
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which shows that px|y(x|y) is a Gaussian distribution such that:

(XY =y) ~ N(ux + PxyPyy(y — iy), Pxx — Px\;P;_/%PYX)-
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Summary
Lemma 7.1

according to

()= ()

Pxx va))
Pyx Pyy))’
then the conditional distribution of X, given the observed value of
Y =y, is Gaussian distributed according to

(XY =y) ~ N(ux + Pxy Pyy(y — 1ty), Pxx — Pxy Py Pyx)
Section 7.1.3

If X and Y are two jointly distributed Gaussian stochastic variables
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